Abstract. Based on the MHD Alfven wave oscillation model for the kHz quasi periodic oscillation (QPO), we investigate the comparisons between the model's predictions and the detected kHz QPO sources, and obtain that the maximum upper and lower kHz QPO frequencies coincide and occur at about 1300(A/0.7) (Hz), where A is the averaged mass density parameter of star. Moreover, the neutron star (NS) mass-radius relation can be constrained by the simultaneously detected twin kHz QPO frequencies in the model, which is compared with the NS equations of states. The implied NS magnetosphere corotation radii are homogeneous and about twice of star radii for the Z and Atoll sources, which results in the magnetic field strengths of stars in Z (Atoll) sources to be about 10 9 (10 8 ) Gauss. Furthermore, some theoretical expectations on SAX J1808.4-3658 are proposed, such as its highest kHz QPO frequency 833 (Hz), which needs the confirmations of new proposed detections.
Brief introduction of the kHz QPO model
In the proposed MHD Alfven wave oscillation model to interpret the kHz QPO phenomena (Zhang 2004a) , it ascribes the upper and lower kHz QPO frequencies to the MHD Alfven wave oscillation frequencies in the different matter density regimes at the preferred radius r, where the upper kHz QPO frequency can be coherence with the Keplerian frequency ν k ,
3/2 (Hz) = 1295(A/0.7)X 3/2 (Hz) ,
with the parameter X=R/r, A = (m/R 3 6 ) 1/2 and R 6 = R/10 6 cm, where m = M M⊙ is the star mass M in the units of solar mass and R is star radius. Equivalently, the NS radius can be expressed by the parameters A and m, R 6 = 1.27m 1/3 (A/0.7) −2/3 (10 km).
The lower kHz QPO frequency is given as
For convenience, the ratio of twin kHz QPO frequencies can be obtained to be,
which is independent of the parameter A, and the twin kHz QPO separation is written as,
which is not a constant with the variation of X. From Eq.
(1) and Eq.(3), if the twin kHz QPO frequencies are known simultaneously, then the values A and X can be determined. For the four well detected sample sources, Sco X-1 (van der , 4U1608−52 (Méndez et al. 1998a,b) , 4U1735-44 (Ford et al. 1998 ) and 4U1728−34 , the obtained average values of A and X are A ≃ 0.68 and X ≃ 0.88. The theoretical relations ν 2 versus ν 1 and ∆ν versus ν 1 , as well as y(X) versus X, are plotted with the well measured kHz QPO data, and the observational consistent results have been obtained (Zhang 2004a) . This paper is the further application of the previous work (Zhang 2004a) , which is organized as follows: in section 2, the scenarios and applications of the model are presented and its predictions are compared with the known sources whos twin kHz QPO frequencies are simultaneously detected; and the conclusions and consequences of model are summarized in the final section.
The scenarios and applications of the model

The plausible scenario of the preferred radius
Before entering the applications, we make some efforts to outline a plausible scenario of the model (Zhang 2004a ). On the motivation of 'resonance' between the Alfven wave motion and the Keplerian motion, it is noted that the characteris-Keplerian velocity (frequency, as ν 2 ), by the quasispherical flow at the preferred radius r, and furthermore the lower Alfven wave frequency (ν 1 ) with the denser flow on the polar cap is derived, which results in the observational consistent correlation between ν 2 and ν 1 . However, in fact, this 'resonance' just makes the frequency expressions simplified, and a coefficient will be introduced in front of Keplerian frequency without changing the correlation of two frequencies if this 'resonance' radius is given up. In addition, this coefficient can be absorbed into the parameter A without changing ν 2 and ν 1 expressions, but the value of the 'new' parameter A will be quantitatively modified by the kHz QPO data.
In the following, we will study the possible coefficient modifications if the other preferred radii than the 'resonance' radius are taken into account, such as the sonic-point radius (Miller et al 1998) , the quasi sonic-point radius (Lai 1998) , the Alfven radius R A and the magnetosphere radius R M . As declaimed by Lai (1998) , the preferred radii to exhibit QPO phenomena would be correlated to the magnetic field B and the accretion rateṀ as r ∼ B/Ṁ 1/2 , argued by us that it is responsible for the homogeneous distributions of kHz QPO frequencies of Z and Atoll sources (see, e.g., Zhang 2004ab). It is convenient to assume the preferred radius to be scaled by Alfven radius as, for instance r = φR A (R A ∼ B/Ṁ 1/2 ), and from its definition the Alfven velocity can be expressed as
the dipole magnetic field and ρ(r) =Ṁ /[4πr 2 v ff (r)] (see, e.g., Shapiro & Teukolsky 1983 ) with the free fall velocity v ff (r) = 2GM/r = √ 2v k (r), v k (r) = GM/r the Keplerian velocity that corresponds to the Keplerian frequency ν k (r) = 1850(Hz)AX 3/2 . Therefore, the Alfven velocity at r can be derived as
and the 'resonance' radius is defined by the condition of √ 2φ −7/4 = 1 or φ = 2 2/7 ≃ 1.2. As a special example, at r=R A (φ = 1), we have v A (R A ) = √ 2v k (R A ), meaning that the Alfven velocity (frequency) is about 1.4 times of the Keplerian velocity (frequency) at Alfven radius with the quasi spherical accretion flow, or alternatively, in frequency, one reads ν A (R A ) = √ 2ν k (R A ). Here, it is stressed that the hypothetical Keplerian velocity or free fall velocity is the motion description of test particle around a gravitational source in the vacuum environment, but the virtual accretion flow around NS, responsible for the kHz QPO phenomena, is the plasma fluid motion in the strong magnetic field and strong gravity environments.
termining the preferred radius, however the possible uncertain factors are absorbed into the parameter A of Keplerian frequency as a testable quantity without changing the mathematical expressions of ν 1 and ν 2 if we just assume the orbital motion frequency of accretion flow to be comparable to the Keplerian frequency.
On the formation scenario of lower Alfven wave (ν 1 ), we argue that part of the denser accreted matter accumulated on the polar cap may be expelled out through the magnetic tunnel tube and enter into the transitional zone near the 'resonance' radius with the ignition of type-I X-ray burst. However, for the mathematical convenience, it is presumed that the higher and lower Alfven wave occur at the same radius, otherwise the modified coefficient will be introduced in the expression of the lower Alfven frequency, which will destroy the neatness of the formula and could change the specific quantitative results.
The analytical relation between ν 1 and ν 2
The simplified theoretical relation between the twin frequencies can be derived from Eq.(1) and Eq.(3) as follows,
where ν 1k = ν 1 /(kHz) and ν 2k = ν 2 /(kHz). For the whole range of X, 0 ≤ X ≤ 1, we have 1.3(A/0.7) ≤ ν 2 2k /ν 1k ≤ 1.8(A/0.7), so this implies that the variation of ν 2 2k /ν 1k is limited in a narrow domain, which presents the approximated relation ν 1 ∼ ν 2 2 . If the averaged X of four sample sources (Sco X-1, 4U1608−52, 4U1735-44 and 4U1728−34), X ≃ 0.88, is taken into account (Zhang 2004a ), then we have the specific theoretical relation between ν 1 and ν 2 as,
which is similar to the empirical relation by the observation (see, e.g., Stella et al. 1999; Psaltis 2000; van der Klis , 2004 . However, it is stressed that the theoretical relation ν 1 ∼ ν 2 2 derived from Eq. (7) is valid not only for the kHz QPO phenomena but also valid for the low frequency phenomena because the value of parameter X can be as small as, for instance X ∼ 0.01, then ν 1 versus ν 2 correlation becomes
. Until now, the low frequency twin QPOs have not yet been reported in observation, and the reason why the twin peak QPOs occur at the kilohertz band is still unknown.
The constrain conditions of mass and radius of NS
The NS mass constrain condition by kHz QPOs has been given by Miller et al (1998) and Zhang et al (1997) through exhibit is larger than the innermost stable circular orbit (ISCO), i.e., the maximum frequency is presumed to be the maximum Keplerian frequency, which in turn reaches the maximum at ISCO with the condition that the star surface is enclosed by ISCO,
From Eq.(2), the new radius constrain condition is obtained if the mass constrain condition is known, therefore we exploit the conservative NS mass lower limit 1.2 M ⊙ (Miller 2002) and its upper limit condition Eq. (9) to set the radius constrain conditions, respectively,
and
In Eq.(11), the radius is constrained by A and ν 2 , or equivalently by the twin kHz QPOs. Furthermore, the NS mass and radius relations and their constrain conditions are calculated for 17 known sources whos twin kHz QPOs are detected simultaneously, which are listed in TABLE I. In Fig.1 , the massradius relations inferred from values of parameter A have been plotted, and it is found that there exists difficulty in accordance with the many modern equations of states if A ∼ 0.45. This is definitely true of the implied mass-radius relation for SAX J1808.4-3658 (A=0.45), and marginally true for GX 5-1 (A=0.6). In general, the lower the value of A, the more difficult it is to reconcile these M-R relations with realistic equations of states.
The maximum twin kHz QPO frequencies and their separations
The theoretical maximum frequency separation ∆ν max can be calculated by the condition of d[∆ν max ]/dX = 0, where we have X = 0.7, ν 2 = 772(A/0.7)(Hz), ν 1 = 364(A/0.7)(Hz) and ∆ν max = 408(A/0.7)(Hz). If ν 1 is lower (higher) than 364 (A/0.7) (Hz), then ∆ν will increase (decrease) with increasing ν 1 . In the recent observations of 4U 1728-34 (Migliari et al 2003) , the twin simultaneously detected kHz QPO frequencies are found at the central frequency ν 1 = 308 (Hz) and ν 2 = 582 (Hz) ( ∆ν = 274 (Hz)), so this is the first detected event for a significant decrease of kHz QPO peak separation towards low frequencies, however, which is consistent with our model's prediction. Nonetheless, the maximum values of twin kHz QPO frequencies coincide and occur at X=1 where the preferred radius equals the star radius in case the ISCO is inside the star, ν 1max = ν 2max = 1850A(Hz) = 1295( A 0.7 )(Hz). In TABLE I, the theoretical maximum kHz QPO frequencies of 17 detected sources are listed, and the averaged values of parameter given for the different types of sources, A =0.63 and X max =0.89 (r ∼ 1.12R) for Z sources, as well as A =0.70 and X max =0.93 (r ∼ 1.08R) for Atoll sources. However, we currently cannot figure out what physical mechanism arises these systematical differences between Z and Atoll sources. X max < 1 tells us the fact that the disk does not reach the star surface, so it is likely that the ISCO prohibit the disk from arriving at star surface. If this scenario is plausible, we can conclude that the ISCOs of almost all sources in TABLE I locate outside the stars. One exception is the Atoll source 4U 0614+09 (see, e.g., van Straaten et al 2000; van der Klis , 2004 , and its parameter A ≃ 0.72 is obtained from the simultaneously detected twin kHz QPOs, which implies its maximum upper (lower) kHz QPO frequency is about 1332 (Hz). However, one single kHz QPO peak frequency 1330 (Hz) was detected in this source, showing X ∼ 1 and twin kHz QPO frequencies coincide, so this frequency may be the maximum kHz QPO saturation frequency, exhibiting the X-ray spectrum information on the NS surface.
As for the level-off or frequency saturation of kHz QPO, it has been paid much attention since the early discovery of kHz QPO phenomena (see, e.g., Zhang et al 1998; Kaaret et al 1999; Miller 2004; Swank 2004) , which is ascribed to the occurrence of ISCO or star surface. However, from our model, if R ISCO > R, the saturation frequency would occur at ISCO with the maximum upper kHz QPO frequency ν 2max = 2200/m (Hz) (see, e.g. Miller et al 1998; Miller 2004) ; if R ISCO < R, the saturation frequency would occur at star surface R with ν 2max = 1295(A/0.7) (Hz) and X=1. Therefore, the model inferred maximum position X max < 1 (TABLE I) for the simultaneously detected kHz QPO sources implies that either their ISCOs appear outside stars or the unclear mechanisms diminish the kHz QPO X-ray spectra just above the star surface, which needs the further investigations.
The expectations for SAX J1808.4-3658
For the first discovered nuclear-powered X-ray millisecond pulsar SAX J1808.4-3658, the theoretical predictions would be significant for testing the model. From the detected twin frequencies , ν 2 = 694 (Hz), ν 1 = 499 (Hz) or ∆ν = 195 (Hz), we have y = ν 2 : ν 1 = 1.39 = 7 : 5 and its inferred parameter A ≃ 0.45, slightly lower than those of other known sample sources (see TABLE I ). The theoretical expected maximum twin kHz QPO separation is ∆ν max = 262 (Hz), appearing at ν 2 = 670 (Hz) and ν 1 = 463 (Hz), and the maximum kHz QPO frequencies are ν 1max = ν 2max = 833(Hz).
J1808.4-3658, it is suggested to be M ∼ 1M ⊙ and R ∼ 18 (km) if its star equation of state becomes a Bose-Einstein condensate of pions in the core (see, Fig.1) .
These predictions need the confirmation of further QPO detections, and then we would know if the proposed kHz QPO mechanism is applicable. From detections, SAX J1808.4-3658 seems to be a peculiar source compared with other kHz QPO sources, and it may not exhibit the QPO frequencies over 1000 Hz. Otherwise, our model will confront the crisis or may be disapproved. However, we have to stress that its parameter A=0.45 is estimated by the one pair of twin kHz QPOs, so it may be inconveniently accurate.
On the NS magnetosphere corotation radius
The NS magnetosphere corotation radius R co is determined by the condition that the orbital Keplerian frequency equals the spin frequency of star at this radius, namely,
For the known NS spin frequencies in seven kHz QPO sources where the burst frequencies are interpreted to be the spin frequencies (see, e. , we calculate the NS magnetosphere corotation radii, which are listed in TABLE II. The averaged kHz QPO separation is obtained to be ∆ν = ∆ν(X = 0.88) = 309(A/0.7) (Hz) ∼ 3∆ν max /4 ∼ ν 2max /4 by setting the averaged X, X =0.88, and its ratio to the spin frequency can be given, in virtue of which we rewrite Eq.(12) in the following,
In TABLE II, we find that the four sources possess the average ratio ∆ν /ν s ∼ 0.49 and the other three sources possess the average ratio ∆ν /ν s ∼ 1.05, which corresponds to the corotation radii of about R co ∼ 1.6R and R co ∼ 2.6R, respectively. Roughly speaking, it seems to exist two classes of sources, and the first (second) class sources possess ∆ν ∼ ν s /2 ( ∆ν ∼ ν s ). At moment, our model cannot explain if this 'quantum' distribution embodies the physics mechanisms in the accretion flows of LMXBs. Theoretically, the maximum upper kHz QPO frequency can be written as ν 2max ∼ 4 ∆ν , so it implies ν 2max ∼ 2ν s or ν 2max ∼ 4ν s . Approximately, the homogeneous distributions of kHz QPO frequencies (see, e.g., van der Klis , 2004 and NS magnetosphere corotation radii for Z sources and Atoll sources indicate that both the star parameters and the NS corotating magnetosphere scales would be homogeneous, and the kHz QPO phenomena occur in the narrow regime not far from the star surface because of X max ∼ 0.9 estimated from the corotation radius (see, e.g., Shapiro & Teukolsky 1983) , then, for the same NS magnetosphere corotation radius, the Z (Atoll) sources with the higher (lower) long-term averaged luminosity should correspond to the higher (lower) magnetic fields, which has been implied from the observations and calculated from theoretical models (see, e.g., Hasinger & van der Klis 1989; White & Zhang 1997; Burderi, L., & D'Amico; Cheng & Zhang 1998; Campana 2000; Swank 2004; van der Klis 2004; Zhang 2004b ). In the accretion induced NS magnetic evolution model (Cheng & Zhang 1998; Zhang 2004b) , it is concluded that the correlation between the magnetic field strength and the long-term accretion rate is described to be B ∝Ṁ 1/2 for NS in LMXB at the final evolutionary stage, therefore the NS magnetic fields in Z and Atoll sources are about ∼ 10 9 Gauss and ∼ 10 8 Gauss, respectively.
Summaries and conclusions
In the paper, we have investigated the comparisons between the observations and the model. Besides the observational consistent conclusions obtained in the original work (Zhang 2004a) , the new explorations have been pursued here, and the main conclusions are summarized in the following.
(1) The analytical correlation between ν 1 and ν 2 as ν 1 ∼ ν 2 2 can be extended to the low QPO frequencies, but we have not found the observational evidence to support this prediction below the kHz QPO regimes. (2) From the model, the theoretical maximum twin kHz QPO frequencies coincide and occur at about 1295(A/0.7) (Hz) when the accreted matters to exhibit these QPOs clash on the NS surface, and the maximum kHz QPO frequency separation is 408 (A/0.7) (Hz). (3) For SAX J1808.4-3658, we find that its parameter A=0.45 is slightly lower than the typical values of other sources, about A=0.7, therefore we may suspect its large radius (see TABLE I) to be responsible for the production of accreting X-ray pulsar. Nonetheless, we also predict its highest kHz QPO frequency to be 833 (Hz), lower than the typical values of other kHz QPO sources as well. (4) The NS magnetosphere corotation radii of seven sources with the known burst frequencies are from r ≃ 1.6R to r ≃ 2.9R, which means that the kHz QPOs occur inside the corotation magnetosphere. (5) The averaged kHz QPO separations ∆ν(X) are calculated by setting X=0.88, an average value inferred from the well detected Atoll sources (Zhang 2004a ), and we find that some sources follow the approximated rule ∆ν ∼ ν s /2 and others follow ∆ν ∼ ν s (TABLE II) . However, we stress that this conclusion may exist bias because the seven sources are too few to present the statistical conclusions. (6) Approximately, the homogeneous distributions of Atoll and Z sources in their NS magnetosphere corotation radii encourage us to derive that the NS magnetic fields in Z sources (∼ 10 9 Gauss) would be stronger than those in Atoll sources (∼ 10 8 I, the mass-radius relation curves are plotted in Fig.1 , we find that the equations of states (EOSs) of strange matters (CS1 and CS2) seems to be not favorite by the model except A ∼ 1, resulting in ν 2max ∼ 1800 (Hz). For the possible NS mass lower limit, ∼ M ⊙ for instance, EOSs of the normal neutron matters (CN1 and CN2) are also not satisfied unless A ∼ 0.88, corresponding to ν 2max ∼ 1600 (Hz). If the EOSs of CPC (the star core becomes a Bose-Einstein condensate of pions) are the possible choices, the mass and radius ranges of these NSs in kHz QPO sources are from 1.0M ⊙ to 1.7M ⊙ and from 16 km to 18 km, respectively. Furthermore, the maximum parameter A = 0.74 (KS 1731-260) is implied from the model, corresponding to the maximum QPO frequency is about 1369 (Hz), which is bigger than the known detected maximum QPO frequency ν 2 ∼ 1330 (Hz) (4U 0614+091, van Straaten et al. 2000) . The proposal for the detection of 1500 (Hz) and 1800 (Hz) QPO frequency is suggested by Miller (2004) , corresponding to A ≥ 0.81 and A ≥ 1.0 respectively, so these measurements of QPOs above 1500 (Hz) therefore have excellent prospects for stronger constraints on mass and radius relations, as well as on the model. It is declaimed by Miller (2004) that a QPO frequency as high as 1800 (Hz) would be large enough to argue against all standard nucleonic or hybrid quark matter equations of state, leaving only strange stars (see also Fig. 1) . Moreover, the proposal of detecting the new QPO data at low frequency ν 1 ∼ 300 (Hz) is also meaningful, which will inspect the correlation between the twin QPO frequency separation and the lower (higher) kHz QPO frequency.
In conclusion, it is remarked that the present model is still a simple one, and the further improvements are needed through considering the details of accretion flow or disk structure, which would be complicated, where the plausible existence of the transitional layer (see, e.g., Titarchuk et al 1998; Titarchuk & Osherovich 2000) or the nonlinear disk resonances (see, e.g., Abramowicz et al. 2003 ) may be important. In addition, here, we do not consider the rotational effect of Kerr spacetime (see, e.g., Miller & Lamb 1996; Miller 2004) , the real MHD flow velocity around star but not a Keplerian velocity of test particle, the accretion flow picture in strong gravity, the plasma instabilities and turbulence in strong magnetic regimes, etc. Therefore, with the considerations of above complications, the further applications and developments of the model will be needed in the subsequent work. The five groups of mass-radius relations for various NS EOSs are shown (the data were kindly provided by M.C. Miller, the original references therein), which is after M.C. Miller (2002 Miller ( , 2004 : stars containing strange matter (SN1 and SN2); stars made of normal neutron matter (CN1 and CN2); and stars whose cores become a Bose-Einstein condensate of pions (CPC).
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(4) : Obtained by Eq.(10) and Eq.(11).
(5) : ν 2max = 1295(A/0.7) (Hz) is the possible maximum kHz QPO frequency. (6) : ν 2obs is the detected maximum kHz QPO frequency.
(7) : the detection inferred maximum X position, X max = (ν 2obs /ν 2max ) 2/3 . (1) : The burst frequencies are interpreted to be the spin frequencies.
(2) : The detected twin kHz QPO frequency separation.
(3) : The averaged twin kHz QPO frequency separation is given by ∆ν = ∆ν(X=0.88)=309(A/0.7) Hz.
(4) : Calculated by Eq.(12).
